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ABSTRACT Uptake of low density lipoprotein (LDL) by the arterial wall is likely to play a key role in atherogenesis. A particular
process that may cause vascular scale heterogeneity in the rate of transendothelial LDL transport is the formation of a ﬂow-
dependent LDL concentration polarization layer on the luminal surface of the arterial endothelium. In this study, the effect of
a spatially heterogeneous transmural water ﬂux (that traverses the endothelium only via interendothelial cell clefts) on such
concentration polarization is investigated numerically. Unlike in previous investigations, realistic intercellular cleft dimensions
are used here and several values of LDL diffusivity are considered. Particular attention is paid to the spatially averaged LDL
concentration adjacent to different regions of the endothelial surface, as such measures may be relevant to the rate of transen-
dothelial LDL transport. It is demonstrated in principle that a heterogeneous transmural water ﬂux can act to enhance such
measures, and cause them to develop a shear dependence (in addition to that caused by vascular scale ﬂow features, affecting
the overall degree of LDL concentration polarization). However, it is shown that this enhancement and additional shear depen-
dence are likely to be negligible for a physiologically realistic transmural ﬂux velocity of 0.0439 mm s1 and an LDL diffusivity
(in blood plasma) of 28.67 mm2 s1. Hence, the results imply that vascular scale studies of LDL concentration polarization are
justiﬁed in ignoring the effect of a spatially heterogeneous transmural water ﬂux.INTRODUCTION
Atherosclerosis is a prevalent cardiovascular disease, charac-
terized by the formation of lipid-rich lesions (or plaques)
within the walls of arteries. Such lesions are known to occur
in a spatially heterogeneous fashion, developing preferen-
tially in regions of arterial branching and high curvature.
Since these particular regions are associated with complex
blood flow patterns it has been postulated that blood flow,
which is also spatially heterogeneous at the vascular scale,
may play an important role in modulating atherogenesis.
Several mechanisms that could lead to a flow dependence
of atherogenesis have been suggested (1,2). One particular
mechanism involves the formation of a low density lipopro-
tein (LDL)-rich layer adjacent to the luminal surface of the
arterial endothelium (3,4), postulated to form as a result of
a phenomenon called concentration polarization. Concentra-
tion polarization can occur when fluid containing a dissolved
solute is forced to pass through a membrane. If the
membrane offers a higher resistance to the solute than the
fluid, then solute will be rejected by the membrane and accu-
mulate on its upstream surface. It is this process of solute
accumulation that is referred to as ‘‘concentration polariza-
tion’’. The layer of rejected solute is often referred to as a
‘‘concentration polarization layer’’.
LDL concentration polarization is postulated to occur in
arteries due to the transmural water flux that flows radially
outwards (from the lumen) through the arterial walls. There
is an imbalance between the measured velocity of this water
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0006-3495/09/04/3102/14 $2.00flux (~4  102 mm s1 (5)) and the permeability of the
endothelium to LDL (~2  104 mm s1 (6)). Due to this
imbalance, LDL convection toward the luminal surface of
the endothelium is likely to be far greater that the rate of
transendothelial LDL transport, resulting in the formation
of an LDL-rich (concentration polarization) layer adjacent
to the endothelial surface.
The dominant route by which LDL crosses the endothe-
lium and enters the arterial wall is unknown. It is observed,
however, that increasing plasma LDL concentration (and
hence endothelial exposure to LDL) increases the rate of
transendothelial LDL transport (7). Such a finding implies
that the amount of LDL concentration polarization, which
determines LDL concentration adjacent to the endothelium,
could act to modulate the rate of LDL transport into the
intima, and thus the likelihood of atherosclerosis occurring.
If the local degree of LDL concentration polarization is
dependent on vascular scale flow features, then the above
mechanism provides a viable explanation for the observed
flow dependence of atherogenesis.
Experiments suggest that a flow-dependent LDL concen-
tration polarization layer does form within the vasculature
(8,9). These experimental results are supported by vascular
scale theoretical studies (10,11), which also quantify how
the degree of concentration polarization might depend on
vascular scale flow features. Due to their vascular scale
nature, however, such theoretical studies overlook several
features of the endothelial surface. In particular they do not
account for the fact that the transmural water flux is likely
to be spatially heterogeneous at the subcellular scale. Such
heterogeneity arises because water traverses the endothelium
predominantly via intercellular clefts between neighboring
doi: 10.1016/j.bpj.2009.01.022
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(12). Also, within intercellular clefts there exists a complex
structure of connections referred to as tight junction strands
(13). These are thought to form a disjointed barrier around
almost the entire cell periphery, with the passage of water
occurring preferentially at locations where the junction
strands are broken. Such structures within the depth of
each cleft may result in further spatial localization of the
transendothelial water flux.
Previous review articles (2,14) have stated that a heteroge-
neous transmural water flux is likely to affect LDL concentra-
tion polarization within the vasculature. However, the precise
nature of such an effect and its influence on the flow-depen-
dent entry of LDL into the arterial wall have not been estab-
lished, and are not intuitively obvious. The problem has
been addressed by one earlier numerical study (15). This
previous study, however, did not use realistic intercellular
cleft dimensions, nor did it fully investigate a realistic range
of LDL diffusivities. The present study aims to assess the
effect of a heterogeneous water flux on LDL concentration
polarization using an idealized model with realistic parameter
values. Particular attention is paid to measures of the concen-
tration polarization layer that may quantify its effect on the
rate of transendothelial LDL transport.
OVERVIEW OF IDEALIZED MODEL
The model is developed within a cellular-scale domain adja-
cent to the luminal surface of the arterial endothelium. The
following general assumptions are made:
Only transport of water and LDL are considered; all other
constituents of the blood are ignored.
It is assumed that LDL has no effect on the motion of the
water.It has been observed that an endothelial glycocalyx layer
(EGL) covers the luminal surface of the endothelium
(16). Previous studies have predicted that flow parallel
to the endothelium is significantly retarded within the
EGL, and that spatial heterogeneity in the transmural
water flux is likely to be retained even at the luminal
surface of the EGL (17). Based on these results, the
EGL will be ignored in this simple model. This
approach is in line with that adopted in previous
studies of mass transport above the endothelium (18).
In reality, blood flow is pulsatile. Here, however, all
dynamics within the domain are considered to be at
steady state. This assumption reduces the size of the
relevant parameter space and hence simplifies the anal-
ysis. The implications of making this assumption are
discussed when the results are presented.
IDEALIZED MODEL OF WATER FLOW
Heterogeneous transmural ﬂux
It is assumed that water traverses the endothelium only via
intercellular clefts. Fig. 1 a depicts an en face view of the endo-
thelium illustrating a typical pattern of interendothelial cell cleft
entrances. As a first approximation, it is reasonable to represent
the intercellular clefts by a repeating diamond pattern (Fig. 1 b).
Here, however, a further simplification is made and the clefts
are modeled as an infinite series of parallel outflow slits of
width 2d* and interslit spacing 2D* (Fig. 1 c). The domain is
considered sufficiently small that the curvature of the arterial
wall can be ignored. Hence, the infinitely long parallel outflow
slits in Fig. 1 c are assumed to reside in a flat plane.
A transmuralwater fluxwith an average velocityV is drawn
toward the endothelium via the application of a parabolicFIGURE 1 Mouse endothelial cells shown in a (personal communication from A. R. Bond, Bristol Royal Infirmary, UK, 2007) appear approximately dia-
mond-shaped (cleft entrances are stained dark using silver nitrate). Based on this observation, the cleft entrance structure can be approximated as a repeating
diamond pattern (b), or even further simplified to an infinitely repeating array of infinitely long parallel outflow slits as shown in c. The simplified geometry (c)
is characterized by only three parameters, namely the cleft half-width d*, the cleft half-spacing D*, and the angle q* between the clefts and the applied flow.
(Reused with permission from P. E. Vincent et al., Physics of Fluids, 20, 063106 (2008). Copyright 2008, American Institute of Physics.)
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across the width of each cleft entrance. This profile is main-
tained uniformly along the length of each cleft. Applying
such an entrance velocity profile is an approximation for two
reasons. Firstly, it assumes the widthwise flow profile develops
instantaneously to become parabolic, and secondly it neglects
any further localization of the flow caused by tight junction
strands (13) blocking portions of the clefts. The former of these
two approximations is unlikely to have a significant effect on
the results. However, the implications of the latter approxima-
tionare less clear, andwill bediscussedwhen the results arepre-
sented. Both of the approximations could be avoided by adding
an idealization of the clefts internal structure to the model.
The formulation described above allows the direct
enforcement of a measured transmural flux magnitude; it is
not necessary to apply a pressure drop to drive the flow.
Such an approach simplifies calculations, as it avoids having
to couple equations governing the water velocity with those
governing species concentration (which would be necessary
to account for the effects of osmotic pressure).
Applied shear
It is assumed that the domain of interest resides within the
momentum boundary layer. This is a layer of slow flow adja-
cent to the arterial wall within which viscous forces dominate.
It is further assumed that this boundary layer is laminar (i.e., the
flow is not turbulent). The outflow slits, which represent the
intercellular clefts, are aligned at an angle q* to the boundary
layer flow, which applies a constant shear rate gT* to the endo-
thelium (Fig. 1 c). Such alignment results in a shear rate ofg*¼
gT* sin q* being applied perpendicular to the lengthwise extent
of the clefts (in the x* direction). The shear rate applied to the
domain is considered spatially constant, as the cellular scale
domain is assumed to be small compared to the scale of spatial
variations in the momentum boundary layer.
Domain
As a result of the simplifications outlined above, the problem
becomes two-dimensional in nature. The periodically repeating
x*
y*
Macroscale Shearing Flow * = *T sin *
Endothelial Cell Intercellular Cleft
* *
* *
Lumen
(0,0)
V CL
*
Lumen
FIGURE 2 Idealized periodically repeating domains UV and UC. UV is
semiinfinite. However UC 3 UV is of finite extent in the y* direction,
bounded between y* ¼ 0 and y* ¼ L*. The depth of the intercellular cleft
is not included in either domain.
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which water motion is considered is illustrated in Fig. 2.
Governing equations
The continuum approximation for water holds even at the
scale of the intercellular clefts (19). Therefore, water is
modeled as a free fluid within UV. For any flowing fluid
a Reynolds number (Re) can be defined (thought of as the
ratio between inertial and viscous forces within the flow).
For water flow within UV Re  1, and hence, flow is domi-
nated by viscous forces. Therefore the water velocity field v*
within UV is a solution of the continuity equation
V$v ¼ 0 (1)
and Stokes equation
V2v ¼ ð1=mÞVp; (2)
where m* is the dynamic viscosity of water and p* is the
hydrodynamic pressure in UV.
Nondimensionalization
Defining
x ¼ x

D
; y ¼ y

D
;v ¼ u e^x þ v e^y ¼ v

V
; p ¼ p
D
mV
; (3)
where e^x and e^y are unit vectors in the x and y directions,
respectively, and substituting Eq. 3 into Eqs. 1 and 2, one
obtains the nondimensional governing equations
V$v ¼ 0; (4)
V2v ¼ Vp: (5)
Consistent with these conventions, a nondimensional cleft
half-width d and nondimensional applied shear rate g can
be defined as
d ¼ d

D
;g ¼ g
D
V
: (6)
It should be noted that the conventions used to nondimen-
sionalizeEqs. 1 and2 aredifferent to those used inourprevious
study of flow above the endothelium (17). The definition of g
is therefore also different to that used by Vincent et al. (17).
Nondimensional boundary conditions
To motivate development of the domain illustrated in Fig. 2,
several boundary conditions have already been discussed.
For clarity, all nondimensional conditions applied to Eqs. 4
and 5 are defined below.
Periodicity in x
Because the domain is periodic in x, it is required on phys-
ical grounds that the velocity fields at x ¼ 1 and the stress
Biophysical Journal 96(8) 3102–3115
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x ¼ 1 are continuous. Defining s as the nondimensional
stress tensor within UV, these interface conditions can be
written as
vð1; yÞ ¼ vð1; yÞ (7)
and
sð1; yÞ$e^x ¼ sð1; yÞ$^ex; (8)
where the negative sign on the right-hand side of Eq. 8
accounts for the fact that the traction vectors are obtained
from normals of opposite sense.
Conditions at y ¼ 0
A no-slip boundary condition is applied at y ¼ 0, hence
uðx; 0Þ ¼ 0: (9)
In addition, a parabolic outflow velocity profile with peak
(nondimensional) magnitude 3/(2d) is applied at the entrance
to the cleft, hence
vðx; 0Þ ¼
0 jxjR d
3

x2  d2
2d3
jxj < d :
8<
: (10)
Large y behavior
As y/N, the x component of the velocity should tend to
gy, hence
uðx; y/NÞ/gy: (11)
IDEALIZED MODEL OF LDL TRANSPORT
Domain and governing equation
Fig. 2 illustrates the domainUC3UV within which the LDL
distribution C* is obtained. UC is periodic in x*. However,
unlike UV, it is finite in y*, being bounded between y* ¼ 0
and y* ¼ L*. The choice of a suitable value for the height
of the domain will be discussed shortly. Within UC it is
assumed that C* is a solution of the steady-state advection
diffusion equation
v$VC  DLV2C ¼ 0; (12)
where D*L is the diffusivity of LDL in the lumen.
Interface with vascular scale simulations
Deﬁnition of macroscale concentration polarization layer
The cellular scale nature of UC precludes the model devel-
oped in this study from describing the effect of vascular scale
flow features on LDL concentration polarization adjacent
to the arterial wall. Such a task can only be accomplished
by a vascular scale simulation of blood flow and LDL
transport.Consider modeling the formation of an LDL concentration
polarization layer within an artery at the vascular scale.
Further, consider that the vascular scale model assumes LDL
is rejected from the endothelial surface, and that the transmu-
ral water flux is spatially homogeneouswith a velocityV (the
same average velocity as the heterogeneous transmural flux
considered in this study). The concentration polarization layer
predicted to form under the above assumptions will hence-
forth be referred to as the ‘‘macroscale LDL concentration
polarization layer’’. It will be assumed here that the macro-
scale concentration polarization layer is spatially constant at
the cellular scale, and can be represented within the cellular
scale vicinity ofUC as a stagnant film (20). Such assumptions
imply that themacroscale concentration polarization layer has
a thickness z* within the vicinity of UC, given by
z ¼ DL=VlnCE=CB (13)
and a concentration profile C within the layer, defined in
terms of the y* coordinate illustrated in Fig. 2 as
C ¼ CEeV
y=D
L ; (14)
where C*E is the LDL concentration adjacent to the endothe-
lium within the cellular scale locality of UC and CB* is the
bulk LDL concentration in the lumen.
It should be noted that the actual profile of the macroscale
concentration polarization layer will deviate slightly from C
within the locality of UC. Such deviation occurs because the
stagnant film model does not explicitly account for LDL
convection parallel to the endothelium, which is responsible
for limiting the growth of the macroscale concentration polar-
ization layer into the lumen. Instead, the stagnant film model
requires a priori prescription of the macroscale concentration
polarization layer thickness z* (or equivalently the parameters
that define z* via Eq. 13).
Thickness of macroscale concentration polarization layer
Consider the diffusional transport of a species within a fluid.
An associated Schmidt number (Sc) can be defined as the ratio
of the dynamic viscosity of the fluid (the momentum diffu-
sivity) to the diffusivity of the species within the fluid.
For LDL in blood Sc[ 1, implying that the rate of diffu-
sionalmomentum transport is far greater than the rate of diffu-
sional LDL transport. Based on this imbalance in transport
rates, it can be assumed that z* is substantially less than the
thickness of themomentumboundary layerwithin the vicinity
of UC.
Objective
The objective of the model developed here is to determine
modifications (caused by a heterogeneous transmural water
flux) to the macroscale concentration polarization layer
within the cellular scale domain UC (when the domain is
located at an arbitrary point on the arterial wall).
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Since CE* (the LDL concentration predicted to occur adja-
cent to the arterial wall within the cellular scale locality of
UC due to a homogeneous transmural flux) is assumed to
be spatially constant withinUC, a nondimensional concentra-
tion distribution C can be defined as
C ¼ C

CE
: (15)
Using Eq. 15 and relevant relations from Eq. 3, Eq. 12 can be
nondimensionalized to give
Pecv$VC V2C ¼ 0; (16)
where
Pec ¼ V
D
DL
(17)
is a Peclet number associated with the spatially heteroge-
neous convection toward the intercellular clefts. Consistent
with the above conventions, a nondimensional domain
height L and a nondimensional macroscale concentration
polarization layer thickness z can be defined as
L ¼ L

D
; z ¼ z

D
: (18)
In addition, a nondimensional concentration profile C within
the macroscale concentration polarization layer can be
defined as
C ¼ C

CE
¼ ePecy: (19)
Nondimensional boundary conditions
Periodicity in x
The domain is periodic in x, hence
Cð1; yÞ ¼ Cð1; yÞ (20)
vC
vx
j
x¼1ðyÞ ¼
vC
vx
j
x¼ 1ðyÞ: (21)
Condition at y ¼ 0
LDL can cross the vascular endothelium via both paracellu-
lar (21) and transcellular (22–24) routes. The dominant route
for transendothelial LDL transport in vivo is still, however,
a point of contention (25).
Paracellular transport of LDL through ‘‘normal’’ intercel-
lular clefts is considered unlikely, given that they contain tight
junctional strands. A small fraction of clefts, however, are
thought to be leaky. Such leaky clefts provide a viable route
for the paracellular transport of LDL (26). The periodicity of
UC implies that all intercellular clefts considered here must
be identical, i.e., either all normal or all leaky. In this study it
Biophysical Journal 96(8) 3102–3115is assumed that all the clefts are normal, and therefore that
LDL is rejected from the cleft entrances. This is a reasonable
assumption since the large majority of clefts are normal.
However, it obviously precludes this study from investigating
the effect of leaky clefts on LDL concentration polarization,
and also precludes this study from assessing the effect of
LDLconcentration polarizationonparacellular LDL transport.
Transcellular transport of LDL is thought to occur via vesic-
ular pathways (transcytosis) or transcellular pores.Macroscale
measurements of endothelial permeability to LDL (6) indicate
that the rate of transcellular LDL transport is negligible
compared to the bulk rate at which LDL is convected toward
the endothelium by the transmural water flux (5). The effect
of transcellular LDL transport can therefore be ignored
when investigating LDL concentration polarization adjacent
to the endothelium. In this study, it will be assumed that the
rate of transcellular LDL transport is zero (i.e., that LDL is
completely rejected from the surface of the endothelial cells).
Note that although this assumption precludes transcellular
LDL transport from having an effect on LDL concentration
polarization, it does not preclude the degree of concentration
polarization from having an effect on the rate of transcellular
LDL transport; the latter can still be estimated by postprocess-
ing the obtained concentration polarization results.
In summary, it is assumed that LDL is completely rejected
from the endothelial surface. Convection must therefore
balance diffusion at y ¼ 0, and hence
vC
vy

y¼ 0
ðxÞ ¼ Pecvðx; 0ÞCðx; 0Þ: (22)
Condition at y ¼ L
The following three a priori assumptions are made regarding
the nature of modifications (caused by a heterogeneous trans-
mural water flux) to the macroscale concentration polariza-
tion layer:
Modifications do not affect the overall thickness z of the
macroscale concentration polarization layer. This is
equivalent to stating that z is determined only by
vascular scale flow features.
Beyond a nondimensional distance y ¼ k from the
endothelium, the nondimensional concentration field
solutions C obtained within UC are approximately
one-dimensional and given by
CzZePecy ¼ ZC c y > k; (23)
where the constant Z will depend on the boundary
condition applied at y ¼ L. Such behavior is to be ex-
pected for two reasons. Firstly, two-dimensional
perturbations to the velocity field decay with y, causing
the problem to become one-dimensional in nature as y
increases, and secondly, it is assumed that LDL is
completely rejected from the endothelium at y ¼ 0.
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completely destroyed by modifications arising from
a heterogeneous water flux. i.e., z > k. The validity
of this assumption and any restrictions that it places
on the results are assessed in Appendix A.
The first assumption can be enforced by requiring that for
y > k the solution C within UC tends toward the macroscale
solution C. Via the second and third assumptions this trivi-
ally implies that Z ¼ 1, which can be enforced by applying
Cðx; LÞ ¼ CðLÞ; (24)
where L can be chosen arbitrarily but must satisfy L > k.
IMPLEMENTATION
Water velocity ﬁeld
The water velocity field v within UV can be obtained analyt-
ically. Consider defining a stream function j such that
u ¼ vj
vy
; v ¼ vj
vx
; (25)
where u and v are the x and y components of v, respectively.
The nondimensional governing equations (Eqs. 4 and 5) can
be reformulated in terms of j as
V4j ¼ 0: (26)
A suitable trial solution to Eq. 25 that is able to satisfy all
relevant boundary conditions can be written as
j ¼ Gx þ Jy2 þ
XN
n¼ 1
sinðlnxÞ½An þ Bnyelny; (27)
where, to ensure periodicity in x,
ln ¼ np n˛Zþ : (28)
An and Bn (which can depend on n) and G and J are all
constants to be determined via the application of the
boundary conditions defined by Eqs. 9–11. Applying these
conditions results in
G ¼ 1; (29)
J ¼ g=2; (30)
An ¼ 6½sinðlndÞ  lndcosðlndÞ
l4nd
3
(31)
and
Bn ¼ lnAn: (32)
Expressions for u and v can therefore be written as
u ¼ gy
XN
n¼ 1
Anl
2
nsinðlnxÞyelny; (33)v ¼ 1
XN
n¼ 1
AnlncosðlnxÞ½1 þ lnyelny: (34)
Note that v depends on only two parameters, d and g.
LDL concentration ﬁeld
Solutions to Eq. 16 are obtained numerically using the spec-
tral/hp element galerkin approximation (27). The domain UC
is meshed in an unstructured fashion with triangular and
quadrangular elements. Within each element the solution is
represented using two-dimensional modal basis functions,
which are generated from tensor products of one-dimen-
sional polynomial bases of 9th order. An example mesh is
shown in Fig. 3 a. Smaller elements are used in the region
near the intercellular cleft as shown in Fig. 3 b. Convergence
of the numerical solutions is assessed in Appendix B.
Note that concentration field solutions C depend on v, and
hence on d and g, as well as on the Peclet number Pec.
a
b
FIGURE 3 An example computational mesh of the entire domain UC (a).
Smaller elements are concentrated near the intercellular cleft (b).Biophysical Journal 96(8) 3102–3115
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Value for the nondimensional cleft half-width d
Values of D* ¼ 10 mm and d* ¼ 0.01 mm are considered
to be physiologically realistic, resulting in a fixed value of
d ¼ 0.001.
Values for the nondimensional applied shear rate g
Shear rates in the rangeg*¼ 0–1000 s1 are considered, along
with transmural flux velocities in the range V ¼ 0.02–0.08
mm s1. The transmural flux velocity of 0.0439 mm s1 ob-
tained by Tedgui and Lever (5) sits within this range. Based
on these values (and using D* ¼ 10 mm), a range of g ¼
0–5 105 is used here. For the physiologically realistic value
of V ¼ 0.0439 mm s1 (and using D* ¼ 10 mm), only the
limited range of g ¼ 0–2.28  105 is relevant.
Values for the Peclet number Pec
The choice of a suitable value for LDL diffusivity within the
lumen D*L is contentious. In several vascular scale studies,
a value of D*L¼ 5 mm2 s1 has been used (11,28). However,
it has been suggested (2) that this value is unrealistically low
andmay therefore artificially enhance any LDL concentration
polarization. Cellular scale studies have also used a value of
D*L ¼ 5 mm2 s1 (15), where the value has been obtained
via the Stokes Einstein equation using the viscosity of whole
blood. Such an approach is, however, unjustified since at the
cellular scale red blood cells should be regarded as discreet
objects, and thus LDL should be considered as residing
and diffusing within the blood plasma. A range of D*L ¼
1–100 mm2 s1 is considered in the following analysis.
This range spans an order of magnitude either side of D*L ¼
28.67 mm2 s1, the measured diffusivity of LDL in blood
plasma (29). Based on this range for D*L, and the value for
D* and the range for V given above, a range of Pec ¼
0.002 – 0.8 is considered here. When using values of D* ¼
10 mm, V ¼ 0.0439 mm s1, and D*L ¼ 28.67 mm2 s1
(suggested here to be physiologically realistic), a value of
Pec ¼ 0.015 is obtained. When using values of D* ¼
10 mm,V ¼ 0.04 mm s1, andD*L¼ 5 mm2 s1 (the transmu-
ral flux velocity and LDL diffusivity often used in previous
studies (10,11,15)), an increased value of Pec ¼ 0.08 is
obtained.
It should be noted that certain combinations of g and Pec
are unattainable within the limits of the dimensional param-
eter ranges given above. Specifically, for the dimensional
parameter ranges used here, if Pec > 0.2 then it is required
that g < (1  105/Pec). Such a limitation should be taken
into account when the nondimensional parameters g and Pec
are varied.
Value for the nondimensional height L of UC
For all cases, a value of L ¼ 1.5 is used. This value is large
enough that L > k is always satisfied.Biophysical Journal 96(8) 3102–3115RESULTS AND ANALYSIS
Water velocity ﬁeld
Fig. 4 shows streamlines of the water velocity field in the
vicinity of an intercellular cleft for two values of the nondi-
mensional shear rate g, with fixed d ¼ 0.001. As g is
increased, perturbations to the velocity field caused by flow
into the intercellular clefts protrude less far into the lumen.
LDL concentration ﬁeld
Fig. 5 shows contour plots of the nondimensionalized LDL
concentration field C for various values of g and Pec, with
fixed d ¼ 0.001. Fig. 6 shows plots of the nondimensional
LDL concentration adjacent to the endothelium (at y ¼ 0).
Again, various values of g and Pec are considered, with fixed
d ¼ 0.001. Note that the scale of the C(x, 0) axis in Fig. 6
changes between plots.
Shear-dependent subcellular scale heterogeneity in the
LDL concentration polarization layer is observed for all
a
b
FIGURE 4 Velocity streamlines in the vicinity of an intercellular cleft
obtained using g ¼ 3  103 (a) and g ¼ 3  104 (b) with fixed d ¼ 0.001.
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FIGURE 5 Contour plots of C
obtained using values of g ¼ 0 and
Pec ¼ 0.015 (a), g ¼ 3  103 and
Pec ¼ 0.015 (b), g ¼ 0 and Pec ¼
0.08 (c), and g ¼ 3  103 and Pec ¼
0.08 (d), all with fixed d ¼ 0.001.
Within each subfigure, the upper plot
is an enlargement of the region in the
dotted box marked on the lower plot.
Note that a spatially homogeneous
transmural water flux (with the same
average velocity as the heterogeneous
flux used here) would result in a constant
nondimensional concentration of unity
adjacent to the endothelium.values of Pec, with peaks in LDL concentration localized
above intercellular clefts (at x ¼ 0). Such localization is
expected, since LDL is convected directly toward the clefts
by the heterogeneous transmural water flux, but cannot pass
through them. As g is raised, the peaks in LDL concentration
become increasingly skewed (swept downstream), spreading
the LDL distributionmore evenly over the endothelial surface
and reducing the peak LDL concentration above the clefts.
For the case of Pec ¼ 0.015 (considered here to be the
most physiologically realistic), the degree of heterogeneity
in the LDL concentration polarization layer is relatively
small. Specifically, peaks in the LDL concentration profile
adjacent to the endothelium are only 7.2% (2 s.f.) greater
than the average LDL concentration adjacent to the endothe-
lium predicted by a vascular scale simulation using a homo-
geneous transmural water flux. This relatively small degree
of heterogeneity is due to the fact that Pec  1 in this real-
istic case, and hence diffusional transport of LDL dominatesover convective transport toward the clefts. For the case of
Pec ¼ 0.08 (obtained using values for the transmural water
velocity and LDL diffusivity suggested in previous studies
(10,11,15)), a more significant degree of heterogeneity is
observed. Specifically, peaks in the LDL concentration
profile adjacent to the endothelium are 43% (2 s.f.) greater
than the average LDL concentration adjacent to the endothe-
lium predicted by a vascular scale simulation using a homo-
geneous transmural water flux. For the case of Pec ¼ 0.8,
convective transport of LDL by the heterogeneous transmu-
ral flux becomes important, and the LDL concentration
polarization develops very significant spatial heterogeneity.
Specifically, peaks in LDL concentration adjacent to the
endothelium are 3300% (2 s.f.) greater than the average
LDL concentration adjacent to the endothelium predicted
by a vascular scale simulation using a homogeneous trans-
mural water flux. It should be noted, however, that a value
of Pec ¼ 0.8 is unlikely to occur physiologically.
Biophysical Journal 96(8) 3102–3115
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FIGURE 6 Plots illustrating how the
LDL distribution adjacent to the endo-
thelium varies with g for Pec ¼ 0.002
(a), Pec ¼ 0.015 (b), Pec ¼ 0.08 (c),
and Pec ¼ 0.8 (d) with fixed d ¼
0.001. Intercellular clefts are centered
at x ¼ 0. Note that a spatially homoge-
neous transmural water flux (with the
same average velocity as the heteroge-
neous flux used here) would result in
a constant nondimensional concentra-
tion of unity adjacent to the endothe-
lium.Rate of transendothelial LDL transport
Deﬁnitions
Leaky junctionsare not represented in thismodel.Therefore, the
implications of the results for the rate of paracellular LDL trans-
port cannot be assessed. It is still possible, however, to consider
measures of the concentration polarization layer that may be
relevant to the rate of transcellular LDL transport across the
endothelium. Two such measures are considered. The first is
simply the average nondimensional LDL concentration adja-
cent to the entire endothelium.This is denotedCUanddefined as
CU ¼ 1
2
Z 1
1
Cðx; 0Þdx: (35)
CU is a reasonable measure to use if the endothelium is
considered uniformly permeable to LDL at the cellular scale.
The second measure is the average nondimensional LDL
concentration adjacent to the endothelium within a (nondi-
mensional) distance of 1/10 from each cleft center. This is
denoted CN and defined as
CN ¼ 1
2ð1=10Þ
Z 1=10
1=10
Cðx; 0Þdx: (36)
CN may be more relevant to the rate of transcellular LDL
transport than CU, since evidence suggests that caveolae,
Biophysical Journal 96(8) 3102–3115which can facilitate LDL transcytosis, are localized near
cell borders (30, 31). Further, endothelial cells are thinner
at their edges and have a nucleus near their center. These
structural features may also increase the relative ease of
transcellular LDL transport near the borders of endothelial
cells.
It should be noted that both CU and CN are obtained from
LDL concentration fields that have been nondimensionalized
by CE*. Therefore, the measures are independent of vascular
scale flow features (which affect the macroscale LDL
concentration polarization layer). The measures only reflect
additional (possibly flow-dependent) modifications to the
LDL concentration polarization layer caused by the hetero-
geneous transmural water flux.
Dependence of CU and CN on Pec
Fig. 7 shows plots of CU and CN against Pec for various
values of g with fixed d ¼ 0.001. It can be seen that both
CU and CN increase as Pec is increased (up to a value of
Pec ¼ 0.8). It can also be seen that values of CU and CN
are greater than unity in all cases. Finally, it can be observed
that values of CN are always greater than values of CU ob-
tained using the same parameters, reflecting the fact that
LDL is convected toward the intercellular clefts. These
results indicate that the heterogeneous transmural flux acts
Concentration Polarization in Arteries 3111to enhance the measures CU and CN to values greater than
those resulting from a homogeneous transmural flux with
the same average velocity (which are unity by definition).
However, for cases where Pec ¼ 0.015 (considered here to
be physiologically realistic), both CU and CN exceed unity
by only a negligible amount.
Fig. 8 shows a log-log plot of (CU – 1) against Pec.
The straight lines indicate that, for a given value of g (and
when Pec < 0.8), a relationship exists between CU and Pec of
the form
CU ¼ 1 þ aðPecÞb; (37)
where both a and b depend on the value of g considered.
a
b
FIGURE 7 Plots of CU (a) and CN (b) against Pec for various values of g
with fixed d ¼ 0.001.Dependence of CU and CN on g
Fig. 9 shows plots ofCU andCN againstg for various values of
Pec with fixed d¼ 0.001. For the case of Pec¼ 0.015 (consid-
ered here to be physiologically realistic), bothCU andCN vary
negligibly with g. For the case of Pec¼ 0.08 (obtained using
values for the transmural water velocity and LDL diffusivity
suggested in previous studies (10,11,15)), CU varies negli-
gibly with g, but CN decreases by 11% (2 s.f.) as g varies
between 0 and 5  105. For the case of Pec ¼ 0.8, both CU
and CN deviate significantly from unity and exhibit a
pronounced shear dependence.
It has been shown in previous studies (10,11) that vascular
scale flow features may affect the overall degree of LDL
concentration polarization adjacent to the endothelium,
potentially resulting in a flow-dependent rate of transendo-
thelial LDL transport. The results in Fig. 9 indicate that, in
principle, a spatially heterogeneous transmural water flux
can cause an additional shear (and hence flow) dependence
of transendothelial LDL transport if Pec ~ 1. However, this
additional shear dependence is observed to be insignificant
for the physiological value of Pec ¼ 0.015.
Extending the parameter space
The behavior of solutions within an extended parameter
space is briefly investigated. Such behavior is unlikely to
have physiological relevance. However, it does put the phys-
iological solutions into context.
The previous results were obtained using a fixed (physio-
logically reasonable) value of d ¼ 0.001. Fig. 10 illustrates
the effect of varying d on CU and CN for various values of
Pecwithfixedg¼ 0. It canbe seen that bothCU andCN asymp-
tote toward a constant value as d decreases. Specifically, for the
Pe
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FIGURE 8 Plots of (CU – 1) against Pec for various values of g with fixed
d ¼ 0.001. The plots are on a log-log scale and hence the straight lines indi-
cate a power law relationship between (CU – 1) and Pec.Biophysical Journal 96(8) 3102–3115
3112 Vincent et al.physiological value of Pec¼ 0.015, CU and CN become inde-
pendent of dwhen d< 0.01. Therefore,CU andCN are likely to
be independent of d for all physiologically reasonable param-
eter values.
It has been shown in Fig. 9 a thatCU becomes shear-depen-
dent if Pec ~1. Specifically, results for the case of Pec ¼ 0.8
were presented. Fig. 11 shows further plots of CU against g
with fixed Pec¼ 0.8 for various values of d. The shear depen-
dence of CU decreases significantly as d is increased. This
observation supports the assertion that a heterogeneous trans-
mural water flux facilitates the shear dependence of CU.
Fig. 12 a shows a plot of CU against Pec for fixed g ¼ 0
and d ¼ 0.001. An extended range of Pec ¼ 0.002–13.3 is
a
b
FIGURE 9 Plots of CU (a) and CN (b) against g for various values of Pec
with fixed d ¼ 0.001.Biophysical Journal 96(8) 3102–3115considered. It can be seen that a value of Pec exists that maxi-
mizes CU. Also, as Pec becomes large, CU/ 0. Fig. 12 b
shows a log-log plot of (CU – 1) against Pec for fixed
d ¼ 0.001 and g ¼ 0. Beyond Pec ~1, the power-law rela-
tionship between (CU – 1) and Pec observed in Fig. 8 breaks
down, indicating that the relationship is not valid when trans-
port is dominated by convection.
Implications of neglecting tight junction strands
The effect of tight junction strands on the cleft entrance
velocity profile has been ignored in this simple model. In
reality, such strands (which form within the depth of the
intercellular clefts) are likely to block water flow through
certain portions of the cleft, further localizing flow to a
a
b
FIGURE 10 Plots of (CU – 1) (a) and (CN – 1) (b) against d for various
values of Pec with fixed g ¼ 0. The plots are on a log-log scale.
Concentration Polarization in Arteries 3113subarea of each cleft entrance. The results obtained in this
study indicate that CU and CN depend strongly on the Peclet
number Pec (which can be thought of as the total water flux
toward each cleft), but very weakly on the nondimensional
cleft half-width d (which determines how localized this total
flux becomes at each cleft entrance). Increased localization
of flow at the cleft entrances due to the presence of tight
junction strands is therefore unlikely to have a significant
impact on the results. It should be noted, however, that
such an assertion can only be confirmed by developing
a model that explicitly includes tight junction strands (or at
least their effect on the cleft entrance velocity profile).
Implications of neglecting pulsatile blood ﬂow
Since blood flow is pulsatile, the shear rate applied to UV
should vary with time. Time-dependent studies (the details
of which are omitted for brevity) indicate that the LDL
concentration field within UC is not completely quasisteady
when exposed to pulsatile flow, i.e., additional time-depen-
dent dynamics do exist. It is found, however, that when
a physiologically realistic value of Pec ¼ 0.015 is consid-
ered, time-averaged values of CU and CN remain almost
exactly unity and independent of the applied flow form.
The main findings of the steady-state analysis presented in
this study are therefore not affected by the application of
a time-dependent shear rate to UV.
CONCLUSIONS
The results indicate that a spatially heterogeneous transmural
water flux will cause spatially heterogeneous and shear-
dependent modifications to any LDL concentration polariza-
FIGURE 11 Plots of CU against g for various values of d with fixed
Pec ¼ 0.8. The larger solid symbols at g ¼ 0 help to indicate where each
line begins.tion layer that develops adjacent to the endothelium.
Measures of the concentration polarization layer that may
be relevant to the rate of transendothelial LDL transport
have been defined and calculated. It has been demonstrated,
in principle, that a spatially heterogeneous transmural water
flux can act to enhance such measures, and cause them
to develop a flow dependence (in addition to any flow depen-
dence of LDL uptake caused by vascular scale flow features
affecting the overall degree of LDL concentration polarization).
However, it has been shown that this enhancement and addi-
tional flow dependence are unlikely to be significant for phys-
iological values of the Peclet number Pec. The results imply
a
b
FIGURE 12 Plots of CU against Pec (a) and (CU-1) against Pec (b) for
fixed g ¼ 0 and d ¼ 0.001. The plot in b is on a log-log scale. The solid
straight line in b highlights the power law relationship between (CU-1)
and Pec previously observed in Fig. 8. This power-law relationship is seen
to break down when Pec > 1.Biophysical Journal 96(8) 3102–3115
3114 Vincent et al.that for physiologically realistic parameter values, vascular
scale studies of LDL concentration polarization are justified
in ignoring the effect of a spatially heterogeneous transmural
water flux.
APPENDIX A: APPLICABILITY
It has been assumed a priori that z > k. Such an assumption puts a limit on
the applicability of the model. Consider defining
EkðyÞ ¼
 
1
2
Z 1
1
ðCðx; yÞ  CðyÞÞ2dx
!1=2
(38)
FIGURE 13 Plot of C*Em/CB* against g with fixed d ¼ 0.001 and
Pec ¼ 0.08.
FIGURE 14 Plots of E(M) against M for various values of g with fixed
d ¼ 0.001 and Pec ¼ 0.8.Biophysical Journal 96(8) 3102–3115as a measure of the y dependent deviation of the nondimensional concentra-
tion field C from the macroscale concentration polarization layer produced
by a homogeneous transmural flux. For a given result C, k can be quantita-
tively defined as the value of y such that
EkðyÞ ¼ e; (39)
where e is a tolerance taken to be e ¼ 0.005. The value of k obtained for
a given result C is equal to the nondimensional thickness z of the thinnest
macroscale concentration polarization layer to which the model can be
applied. Employing Eq. 13, one can define a minimum LDL concentration
adjacent to the endothelium, C*Em, associated with this minimum layer
thickness as
CEm ¼ CBePeck: (40)
The value of k and hence C*Em will vary with d, g, and Pec. Fig. 13 shows
plots of C*Em/CB* against g for values of d ¼ 0.001 and Pec ¼ 0.08. This
particular value of Pec allows comparisons to be made with plots of CE*/CB*
against g produced by Wada et al. (11) for an artery with multiple bends.
Comparison of Fig. 13 with the results of Wada and Karino (11) shows that
C*Em/CB* < CE*/CB*, for the majority of points adjacent to the luminal
surface the arterial wall. This result indicates that the applicability of the
model is not significantly limited by the a priori assumption that k < z
(i.e., the assumption that the macroscale concentration polarization layer is
not completely destroyed by heterogeneous modifications).
APPENDIX B: CONVERGENCE OF THE
CONCENTRATION FIELD SOLUTIONS
Consider representingCwithin each element of the domain using two-dimen-
sional modal basis functions generated from tensor products of one-dimen-
sional bases of Mth order. Based on the relevant measure of interest CN, an
M-dependent measure of error E(M) in the solution C can be defined as
EðMÞ ¼ jCNðMÞ  CNð14Þj
CNð14Þ ; (41)
where CN(M) is the value of CN obtained from a simulation using a two-
dimensional basis within each element generated from Mth order one-
dimensional bases, and CN(14) is the value of CN obtained from a simulation
using a two-dimensional basis within each element generated from 14th
order one-dimensional bases (viewed as a definitive solution).
Convergence of E(M) with increasing M (for a given mesh) is assessed for
cases where Pec ¼ 0.8. Within the range Pec ¼ 0.002–0.8 such cases can
be viewed as the most demanding from a convergence standpoint, because
they produce the most spatially heterogeneous solutions. Fig. 14 shows plots
of E(M) against M for various values of g with fixed d ¼ 0.001 and Pec ¼
0.8. Note that when using Pec ¼ 0.8 the maximum value of g attainable
given the dimensional parameter ranges is 1.25  105. For all values of g
the errors E(M) are seen to converge approximately exponentially with M.
For the value of M ¼ 9 used here the relative error E(9) < 1  104 for
all values of g.
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